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Abstract 

Exact constant solutions of field equations in the classical nonabelian SU(2) field 
theory with the Chern-Simons topological mass in 2 + 1-dimensional space-time have 
been obtained. One-loop contributions of boson and fermion fluctuations to the gauge 
field energy have been calculated. 
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It is well known that a topological term, the so-called Chern-Simons term, which plays the 
role of the gauge field mass, can be introduced in odd-dimensional gauge theories |], @ . 

As an example of such theories, we consider the three-dimensional topologically massive 
SU (2)-gluodynamics described by the Lagrangian |jj 
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Here fi, v — 0, 1, 2; a — 1,2,3, potentials A^ = r a A^/2, where r a are Pauli matrices in color 
space, the color field tensor is given by F° = d^A^ — d v A a + ge abc A h A c v . The coefficient 6 in 
front of the last term in (|J) (Chern-Simons term) is the Chern-Simons (CS) mass of the gauge 
field. 

In this case the field equations take the form 

D ac F a»p _ d -e^F c ^ = 0, (2) 

where D^f = 5 ac d^ — ge abc A b ^. It is easily verified that these equations are satisfied by the 
following constant nonabelian potentials 

A a " = ^ X [t (3) 

with normalized constant vector XxH = Xui, u), where A = ±1 and to = ±1. Note that 
A and uj take its values independently The Kronecker delta 5 atl in (|3]) implies that directions 
1, 2, 3 in the color space correspond to directions 1, 2, in the Minkowski 2 + 1 space-time, 
respectively. The following relations are easily verified: 
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The gauge field energy density E corresponds to the T 00 component of the symmetric 
energy-momentum tensor T^ u obtained by the standard method || 

rpiiv rpfiv _|_ q rpa^iu *pa fi*pa i> ^_ gfiv *pa*pa a 

Here T^ v is the canonical energy-momentum tensor, T ailI/ = —A'J 1 (^F^ l/ + ^Be ai/ i3A a ^, and 
*F a = \s iia ^F aa ^ ', the dual field tensor, is in fact a vector in 2 + 1-dimensional space-time. 
Taking the solution (||]) into account we can now represent T^ u in the form 

T „u = ^ 
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The negative sign of the energy density E = T 00 means that, for the given value of B ^ 0, the 
energy of this solution is lower than that of the trivial vacuum solution A 1 = 0, obtained in 
the perturbation theory. 

Next, we consider the one- loop effective potential 

v eS = e + e% + e$ 
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with consideration for both gluon £ ( q and quark Sq loops. We start with the gluon contribution 
£ { q . The total gauge field A a ^ is represented as the sum of the constant classical background 
field (H) and quantum fluctuations a a/i , i.e. 

A a * = A afl + a a ^. 

Introducing the gauge-fixing term 
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where = 6 + ge A c ^ is the background covariant derivative, we obtain the fluctuation 
Lagrangian for the gauge £ = 1 in the form 

= £(o») - \(d,a b n 2 - j(a b n 2 + ge abc A^al - ge ahc A^d v a a \ 

Here, the first term in r.h.s. is the same Lagrangian as in (]]]), though defined in terms of the 
field fluctuations and the corresponding tensor f h . 

The energy spectrum of gluon fluctuation modes £ i7 corresponding to all degrees of freedom 
(physical and unphysical) that remain after gauge fixing, is determined by the equation 
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Nine solutions of the above equation are as follows: 

e 2 = P 2 + , 

where Ai^ = 3 ± 2v^2, = 5 ± 2v^6, and the other five degenerate spectrum branches with 
= — 1, corresponding to tachyonic modes, are unstable. 
The one-loop energy correction due to gauge field fluctuations around the background is 
given by the expression 

^ 1) = IE^P) = IE[P 2 + ^ 2 /2] 1/2 . (4) 
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Consideration for tachyonic modes contribution to expression (f|) results in the appearance of 
the imaginary part of the energy correction £q , defined as follows (see, e.g., ||): 

Im^ = -i£l^(P)| 1/2 - 

e'f<0 

The imaginary part is finite and its calculation results in the following expression (with due 
regard for degeneracy) 
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The real part of the energy correction corresponding to ef > contribution to (f|) is diver- 
gent. The appropriate application of the dimensional regularization procedure yields: 

Bb£<?"" = \^ £ [p 2 + A^ 2 /2] 1/2 " £ , (5) 
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where fi is an arbitrary scale mass parameter. We can now introduce the proper time repre- 
sentation for this expression, and using the regulator e > |, we find 

and this, upon integration over the two-dimensional momentum, yields 

RetG ~ 8nT(e - 1/2) Jo s^V + U J 
The (ultraviolet) divergent at s — > term in ~Re£Q )reg is determined by the expression 

The difference Re£«^ 1)ren = Re££ )res - Re£g )div is finite in the limit e -> and its calculation 
can be reduced to T-function integrals. However, the two results, for imaginary and real parts, 
still include contributions of the unphysical modes introduced by the gauge-fixing term. In order 
to get rid of these unphysical contributions, the ghost fields r] a and rj a with the Lagrangian 

should be introduced. Here D ab = 8 8^ + ge abc A c ^ is the total covariant derivative. The ghost 
energy spectrum is determined by the equation: 

det(V 2 ) afc = 0, 

where (V 2 ) afc = V^ c V c6m . Thus, three branches of the ghost spectrum are obtained e 2 ghi = 
p 2 + where Ci = —1) C2,3 = and the ghost contribution to the effective potential is 

given by the general formula: 

£gh = £ gi"(P)- 

Here, the "minus" sign arises as a result of the Fermi statistics applied to ghosts. The branch 
£ g hi makes a nonzero contribution only to the imaginary part of effective potential. This is 
easily demonstrated in calculations like those for the gluon contribution to the energy imaginary 
part. The total result is the following 

Im^ + lm£$ = ^|#| 3 . 
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It is also easy to see that the other energy branches make contribution to the real part only 

/i 2£ f°° ds s9 2 
p. /-2.:-S -"^( e- i 
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Finally, we obtain the following result for the boson contribution to the renormalized effective 
potential, where only the gluon physical degrees of freedom have been retained 

We observe in this connection that the standard prescription for the dimensional regular- 
ization integrals, similar to @, implies that they are assumed to be equal to zero ||. The 
terms like 1/e evidently do not appear in the divergent parts. Hence, one may say that the 
divergent part of the effective potential is put equal to zero by definition, i.e., Re££ )div = 
and Re^gJ^™ = 0, and moreover, masses and coupling constants are not renormalized in this 
case, which is in agreement with the fact that gauge theories are super-renormalizable in three 
dimensions @. || . 

It should also be reminded that the tachyon modes of the gluon spectrum make no contri- 
bution to the real part of the correction (|j). 

We now pass to calculation of the fermion contribution to the effective potential. The quark 
energy spectrum in the external field specified by (Q) can be found from the Dirac equation 

[(id,r -m) + Igr^^x) = 0. (7) 

Here, the following representation for the 7-matrices in 2 + 1 dimensions is chosen: 7 = a 3 , 
7 ' 2 = icr 1 ' 2 , with o l as Pauli matrices. The 7-matrices obey the following relation: 7^7^ = 

Two quantum states of quark in the SU(2) fundamental representation correspond to two 
different colors. Spinors in 2 + 1-dimensions are two-component objects, which corresponds 
to two degrees of freedom of a fermion (particle-antiparticle) and, hence, spin coefficients are 
closely related to the sign of the particle energy. The mass term mipip in the Lagrangian is not 
invariant under P-inversion of coordinates: x — > —x, y — > y, or x — > x, y — > — y. Recall that 
simultaneous reflection of two spatial coordinates is equivalent to rotation. The Lagrangian 
is invariant only under the combined operation that involves "P-inversion and the substitution 
m — > — m ||. Therefore, the spin operator for two-dimensional fermions is naturally intro- 
duced in the form £ = (sgnm)7°/2. Since the matrix 7 simultaneously determines the sign of 
the energy, the positive- and negative-energy states correspond to opposite signes of the spin 
polarization. 

Solving equation (|7|) in the gauge field (|3|) results in two different branches of the quark 
energy spectrum 

2 2,2 2 2,2 

e 1 = p +m effl , e 2 = p +m cS2 , 

where rri^ si = (m — 9) 2 , m^ ff2 = (m — 6)(m + 3$) and 9 = 6/4. It is interesting to note that 
in the special case, when m = 6, the quark effective mass in this gauge field vanishes, and 
the two branches of the energy spectrum coincide. For values of the mass lying in the interval 
—9 — 2\9\ < m < —9 + 2\9\, the energy squared, becomes negative for certain values of the 
quark momentum p, and tachyonic modes appear in the quark spectrum. 

Two branches of the energy spectrum are related to opposite projections of the particle 
color spin corresponding to two eigenvalues of the operator 

J = J a r a /2 = ~9~ x gA il Vilj - LU-f°T 3 (p^ + 9-m) (8) 
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that is defined for the plane-wave solutions of the Dirac equation (0) i/) a (x) = exp(—ie s t+ipx)^/ s 
with s = 1,2: 

J* s = (-l) s (0 - m)# s , 

where are constant spinors, corresponding to the Dirac Hamiltonian eigenvalues e s . We 
note, that the r.h.s. of the above equation vanishes in the case m = 9. Moreover, under this 
condition, it appears that ^ = ^! 2 - 

The one-loop quark contribution to the vacuum energy is described by the general equation 

£« = Re£«+zIm£« = - £ e s (p)-i £ \e s (p)\. (9) 

£ 2(p)>0 £i(p)<0 

The real part of the correction is defined by the expression 

If 1 f°° 

Here p* = [— niis2\ 1 ^ 2 ^{~ m cS2) * s the lowest of the quark momentum values that provide a 
real contribution to the quark energy in the absence of the tachyonic modes. Function Q(x) is 
the Heaviside (unit step) function. To find the finite part of the quark energy correction, the 
same procedure as in the case of gluons can be applied. The negative sign in front of the real 
part of the energy in (^) is due to the fact that quarks are fermions. The quark contribution 
to the effective potential finally reads 

Re gm = _Lj| m _ 0|(( m _ 0)2 _ ^M\ m + 30|) - M( m _ 0)( 5m _ 0) + 

\m\6 2 + [(m -6){m + 3fl)] 3 / 2 6((m + Of - AO 2 )). 

We note that the sign of this expression is opposite to that of the gluon contribution. 

Like in the gluon case, the imaginary part of the energy does not diverge and takes nonzero 
values only if tachyonic modes are present. The final expression for the imaginary part can be 
written in the following simple form 

Im^ = ~\{m - 6){m + 3^)| 3/2 0(4^ 2 - (m + ~6) 2 ). 
In particular, in the limit of the vanishing quark mass, m — > 0, we obtain 
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It should be emphasized that it is the tachyonic modes in the quark spectrum that lead to 
the appearance of an imaginary part in the energy of vacuum fluctuations. This means that the 
constant gauge field configuration in question is unstable. However, such factors, as boundaries 
and finite volume of the spatial region occupied by the gauge field, finite temperature, as 
well as consideration for inhomogeneous modes and higher loop contributions may lead to its 
stabilization. 
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